EULER FACTORS DETERMINE LOCAL WEIL 
REPRESENTATIONS 



TIM AND VLADIMIR DOKCHITSER 

Abstract. We show that a Frobenius-semisimple Weil representation 
over a local field K is determined by its Euler factors over the extensions 
of K. The construction is explicit, and we illustrate it for i-adic repre- 
sentations attached to elliptic and genus 2 curves. As an application, 
we construct an absolutely simple 2-dimensional abelian variety over Q 
all of whose quadratic twists must have positive rank, according to the 
Birch-Swinnerton-Dyer conjecture. 



1. Introduction 

We address the question how to determine an Z-adic representation over 
a local field K from its elementary invariants. For instance, the local Lang- 
lands correspondence relies on the characterisation of representations by 
their local polynomials (i.e. their Euler factors) and 'e-factors of pairs'. The 
main result of this paper is that they can be recovered just from their local 
polynomials if one allows extensions of the ground field: 

Theorem 1. Every Frobenius-semisimple Weil representation p over K is 
uniquely determined by its local polynomials 

P(p/F, T) = det(l - Frob^ 1 T \ /A) , 

where F varies over finite separable extensions of K. 

The proof is explicit, in the sense that it pins down a small number of 
extensions that suffice. 

Many Weil representations arise as restrictions of global representations, 
e.g. representations of finite Galois groups of number fields (Artin represen- 
tations) and Z-adic Tate modules of elliptic curves and abelian varieties with 
potentially good reduction. In this case, P(p/K, q~~ s ) is the local Euler factor 
of the corresponding global L-function. In the setting of elliptic curves, these 
local polynomials can be computed using Tate's algorithm over extensions 
F of K and point counting over the residue fields. The result says that this 
data suffices to reconstruct T[E ® Q; explicitly as a Galois representation. 

The structure of the paper is as follows. The theorem is proved in £j2j In 
£j3]we give examples how to use the method to describe /-adic representations 
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of elliptic curves. In £JH we give a similar example for a genus 2 curve. As an 
application, we construct an absolutely simple 2-dimensional abelian variety 
over Q all of whose quadratic twists must have positive rank, according to 
the Birch-Swinnerton-Dyer conjecture. 
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1.1. Notation. Throughout the paper, we use the following notation: 

K local field. 

G K Gal(iP c P/iO, the absolute Galois group of K. 
Ik the inertia subgroup of Gk- 

Frobif An (arithmetic) Frobenius, i.e. any element of Gk acting as 

x i — y x\ k \ on k, the algebraic closure of the residue field k of K. 
K nr the maximal unramified extension of K in K sep . 
I prime different from the residue characteristic of K. 

Pn, Poo the set of n th , respectively all, roots of unity. 
1 trivial representation. 

p* dual representation of p. ;n 

t the Z-adic tame character r : Jr- — )■ Z/; it maps g to ( g ^»^? ) n>1 

in lim pin ~ 7L[\ here ir is any unifor miser of K. 

Recall that the Weil group Wk is the subgroup of Gk of all automor- 
phisms that act as an integral power of Frobenius on the residue field, 
see [15] 1.4.1. It contains the inertia group Ik, and the quotient Wk/Ik — % 
is generated by Frob^-. 

Recall that a Weil representation is a representation p : Wk — > GL n (C) 
such that p(Ik) is finite. It is called Frobenius-semisimple if the image of 
some (equivalently, any) Frobenius element is diagonalisable. 

The local polynomial P(p,T) is the inverse characteristic polynomial of 
Frob^- 1 on the inertia invariants of p, 

P{p, T) = det(l - Frob^ 1 T \ P Ik ). 

Similarly, for a finite extension F/K, we write P(p/F,T) for the local poly- 
nomial of the restriction of p to Wf, 

P(p/F,T) = P(p\ WF ,T). 

We will consider Z-adic representations, such as r or the Z-adic Tate mod- 
ules of elliptic curves and abelian varieties; they are known to be Frobenius- 
semisimple. We fix embeddings Q; t — >■ C to convert them into complex 
representations. 

Remark. Recall that a Weil representation p is unramified if p(Ik) = 1- 
Every Frobenius-semisimple unramified representation p is completely de- 
termined by its local polynomial P(p,T). (And, conversely, any polynomial 
with constant term 1 comes from such a representation.) 
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2. Local factors determine Weil representations 

Theorem 1. Every Frobenius-semisimple Weil representation p is uniquely 
determined by its local polynomials P(p/F,T) over finite separable exten- 
sions F/K. 

Proof. Step 1: Cyclic. Suppose p factors through a finite cyclic group 
G = Gal(F / K) = C n and F/K has ramification degree e. 

By Lemma there is a cyclic totally ramified extension L/K of de- 
gree e such that FL/L is unramified of degree n. The restriction map 
Gal(FL/L) — > Gal(F/K) is an isomorphism, as it is clearly injective and 
both groups have order n. So p/L determines p, and p/L can be recovered 
from its local polynomial P(p/L,T). 

Step 2: Artin to cyclic. Suppose p factors through a finite quotient, 
equivalently it has local polynomial P(p/F,T) = (1 — T) dimp over some Ga- 
lois extension F/K. By character theory for the finite group G = G&l(F/K), 
it is enough to recover the character of p. Thus it suffices to recover the re- 
striction of p to every cyclic subgroup (g) < G since this gives the value of 
the character on the conjugacy class of g. This is done in Step 1. 

Step 3: Twists. Suppose p is a twist of an Artin representations by a 
1-dimensional unramified character. Over a sufficiently large Galois exten- 
sion F/K, we have P(p/F,T) = (1 - AT) dim ^. Let / be the residue degree 
of F/K and define an unramified character of Wk by Frob^: H > -{/X. Then 
p <%> 4>~ l is an Artin representation, and it can be recovered from its local 
polynomials P(p <8> 4>- l /L,T) = P(p,T/{/\) by Step 2. 

Step 4: Weil to Artin. Finally, let p be a general Weil representation. 
By Lemma O there is a unique decomposition p = ©jft, such that each 
summand is a twist of an Artin representation Ai by a 1-dimensional un- 
ramified character ipi, and the classes of tpi(Fiob jc) G C x / p^ are distinct. 
For any F/K, 

P(p/F,T)=l[P(p t /F,T). 

i 

The roots of the i th factor are those of a given class in C x //ioo (namely, 
[^i(FrobA')^ F/,K ], where fp/K is the residue degree). By Step 3, this data 
determines the pi uniquely, and hence p as well. □ 

Lemma 2. Let F/K be a cyclic extension of degree n and ramification 
degree e. Then there exists a cyclic totally ramified extension L/K of degree e 
such that FL/L is unramified of degree n. 

Proof. It is enough prove the statement when n is a prime power, since the 
general case follows immediately by taking the compositum of the corre- 
sponding prime-power extensions. 

Let x be a primitive character of GaX(F/K), and fix a Frobenius element 
Frob# G Gk- We have two cases: If F/K is not totally ramified, pick an 
unramified character (f) of Gk of order n with 0(Frobj^) = x(F r °b_ftr) _1 - 
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Otherwise, pick any unramified character <j> of Gk of order n. In either case, 
let L be the field cut out by x</>. 

Since x0 is faithful on Ipm and has order ep/jc, the field L/K is totally 
ramified of degree e. Moreover, x\g l = <f>~ |g%> so FL/L has degree n, as 
required. □ 

Lemma 3. Every Frobenius-semisimple Weil representation over K is a di- 
rect sum p = Ai®'ipi, where each Ai factors through a finite quotient, and 
the tpi are 1- dimensional and unramified. There exists such a decomposition 
such that the classes of ipi(Fr oh k) in C x / / u oc are distinct. The latter de- 
composition is unique in the sense that the components Ai <g) ipi are uniquely 
determined up to order. 

Proof. The first claim is standard: take a sufficiently large finite Galois 
extension F/K such that p/F is unramified. Then /c(Frobi?) is central in 
p(Wk), so the eigenspaces of Frob^ are W/f-subrepresentations. Their ap- 
propriate unramified twists give the Ai. 

Now, if fok(FrobA-)] = [^(Frob^)] in C x //i oo, we may replace iftj by ipj 
and Aj by Aj ® (4'j' l PT ) (which is also an Artin representation) and group 
the two summands. Repeating this process, we get a decomposition as in 
the second claim. It is easy to see that it is unique. □ 

Remark 4. There are important local Galois representations that are not 
Weil representations, e.g. the Tate module of an elliptic curve with multi- 
plicative reduction. These are dealt with by using Weil-Deligne represen- 
tations W = (p,N), where p is a Weil representation and N is a nilpotent 
endomorphism responsible for the 'infinite' part of the inertia group [15] . 
Their local factors are not sufficient to recover the representation: the local 
polynomial of W is the same as that of ker N over any field, so W and ker N 
are indistinguishable. 

3. Elliptic curve examples 

Let E be an elliptic curve defined over a local field K with residue field 
k = ¥ q . Consider the Z-adic representation associated to E 

Pe:G k ^ GL 2 (C) 

defined by the Galois action on Hl t (E, Qj) (8) C = T t E* ® z , C for any prime 
I ^ char k. 

If E/K has good reduction, then pp is unramified by the Neron-Ogg- 
Shafarevich criterion, so it is completely determined by the characteristic 
polynomial of ^(Frob^-). This, in turn, is determined by the number of 
points on the reduced curve E/k, 

P(p E ,T) = l-aT + qT 2 , a = q + 1 - \E(k)\. 

If E/K has potentially multiplicative reduction, then it acquires split 
multiplicative reduction over some separable extension L/K of degree at 
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most 2. The action of Gk on T\E is described by the theory of the Tate 
curve ([12] Lemma V.5.2, Exes. 5.11, 5.13 or [9J IV A.l): 

p E (Frob K ) = x(Frob^) ®_-^J , p E {g) = x(s) , 9 £ Ik, 

where x '■ Gal(L/K) —> C x is the unique primitive character and r is the 
Z-adic tame character. 

Finally, suppose E/K has additive potentially good reduction. By Theo- 
rem [TJ the Z-adic representation pe can be recovered from the local factors 
P(pe/F,T) over extensions F/K. The proof of the theorem is constructive, 
and we illustrate it in this section by determining pe for two specific elliptic 
curves. The idea is to use several fields where E acquires good reduction. 

Example 5. Consider the elliptic curve 

E/Sha: y 2 = x 3 -26x. 

It has additive reduction of type III and acquires good reduction over the 
field L = Q13 ( v^13) > a cyclic quartic totally ramified extension of Q13. So 
Pe '■ Gq 13 —¥ GL^C) factors through 

G = Gal(QS(v / T3)/Qi 3 ) = Z x C 4 . 

This group is generated by any Frobenius element $ = Frob^ of Gl and 
the inertia element g that maps \^13 to tyl3. (We fix 1 to be the 4th 
root of unity congruent to 5 mod 13.) As G is abelian, Frobenius acts 
semisimply and g acts faithfully with determinant 1 (by the Weil pairing), 
is diagonalisable and 

Moreover, counting points of the reduction of E over the residue field F13 
of L, we find P(p E /L,T) = 1 + 4T+ 13T 2 . So {a, (3} = {-2 + 3i, -2 - 3i}, 
and it remains to determine which is which. 

As in Lemma[2l let V = Qi3( v / 26), so that LJJ jl! is quartic unramified. 
Observe that $ • g is a Frobenius element in Gl>. Indeed, it acts correctly 
on the residue field, and it fixes y26: 

{±902$) $(g(#2) g (frl3)) $(#2) $( t fri3) 

WE FE "IPS WW 

= (v^) 13 -^ = 8 • 5 = 1 mod 7tl>. 

As the left-hand side is a 4th root of unity, it must be 1. 
Counting points again, we find 

P(p E /L',T) = 1 - 6T + 13T 2 = (1 - (3 - 2i)T)(l - (3 + 2i)T), 

so that the eigenvalues of • g)~ l are 3 ± 2i. Comparing the eigenvalues of 
<J>~ 1 ,g and (&-g)~ 1 , we see that $~ 1 must act as — 2 + 3i on the i-eigenspace 
of g, and pe is given by 

p B (*- i )=rr i -i«). P^)=(Si). 
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Example 6. Consider the elliptic curve 

E/Q 2 : y 2 =x 3 -x. 

It has additive reduction, and acquires good reduction over F = Q2(E[3]) 
([TO] Cor. 2or[II]Exc. 7.9). This field is a splitting field of x s -288x 4 - 69 12 
(see [2] §3), equivalently of x s + 6x 4 — 3. Thus, 

F = Q 2 (i,V3,a), a = ^2^3-3. 

Set z = a fixed primitive 12 th root of unity in F, and let /3 be the 

fourth root of —2y/3 — 3 given by 

j3 = (z 2 + z)a. 

The roots of x 8 + 6x 4 — 3 in F are i k a and i fc /3 for A; = 0,1,2,3. The 
Galois group G = Gal(F/Q2) is the semi-dihedral group of order 16, and is 
generated by an 8-cycle and an involution which fixes a, 

s : ol i — V — i/3 i — ^ tot i — y /3 ■ — ^ —a i— >■ i/0 i— >■ — ia \— > —(3 \— > a 
t : ia O — ia, /3 o —i/3, — /3 

(In fact, t is complex conjugation in Gal(Q(i?[3])/Q) = G.) The inertia 
subgroup of G is the quaternion group Qs, generated by s 2 and st. 
Fix a in C. By [2] Lemma 1, 

where r\ : Gq 2 — )■ C x is the unramified character with r/(Frob(Q 2 ) = V —2 
and A an irreducible 2-dimensional representation of G, which is faithful on 
the inertia subgroup. Inspecting the character table of G, we see that there 
are two possibilities for A, called p and p' in Tabled) 



order 


1 


2 


4 


8 


8 


2 


4 


class 


1 


s 4 


s ±2 


s, s 3 


s 5 , s 7 






1 


1 


1 


1 


1 


1 


1 


1 


ei 


1 


1 


1 


1 


1 


-1 


-1 


£2 


1 


1 


1 


-1 


-1 


-1 


1 


£3 


1 


1 


1 


-1 


-1 


1 


-1 


U 


2 


2 


-2 














P 


2 


-2 















P' 


2 


-2 
















Table 1. Character table of G 



As in Step 2 of the proof of Theorem (H to determine what A is we restrict 
to the (unique) cyclic subgroup of G which distinguishes between p and p', 
namely 

Gal(F/Q 2 (i)) = (s) * C 8 . 
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Its inertia subgroup is (s 2 ) = C4, so F/ < Q>2(i) has residue degree 2 and 
ramification degree 4. As in Step 1 of Theorem [H consider 

L = Q 2 (i, #-3 + 2i). 

It has the property that FL/L is octic unramified. Using e.g. Artin repre- 
sentation machinery in Magma [I], we find that 

P(p/L, T) = 1 + ^/^2T - T 2 , P(p'/^> r ) = 1 - \ /Z 2^ - T 2 . 

Moreover, E has good reduction over L, and counting points gives 

P( PE /L, T) = P(A ® ?r7^ T) = 1 - 2T + 2T 2 . 

Twisting by rj, we get P(A/L, T) = 1 + ^2T - T 2 , in other words A = p 
and 

4. A HYPERELLIPTIC CURVE 

We illustrate the technique for identifying /-adic representations in the 
setting of Jacobians of hyperelliptic curves. Their local polynomials, at least 
when the genus is 2, can be computed from the classification of reduction 
types and point counting on the reduced curve. 

The specific example was chosen to exhibit an absolutely simple abelian 
variety over Q all of whose quadratic twists have positive rank, according to 
the Birch-Swinnerton-Dyer conjecture. Recall that the conjecture says that 
that the Mordell-Weil rank of an abelian variety A/Q equals to the order of 
vanishing of the L-function L(A, s) at s = 1. The L-function is supposed to 
satisfy a functional equation relating s o 2 — s. Consequently, if the sign in 
the functional equation is —1, the order of vanishing must be odd, and the 
rank must be non-zero. This sign is the global root number w(A/Q), and 
it is defined in terms of the Galois action on the local Z-adic representations 
Hl t (A/Q p , Qi) for each p. We will construct an absolutely simple abelian 
variety J/Q whose global root number, and that of each of its quadratic 
twists, is —1. Such examples are impossible for elliptic curves over Q, but 
do exist for elliptic curves over number fields [3j. The question of existence 
of such abelian varieties over Q was posed to us by V. Flynn. 

Example 7. Consider the genus 2 curve 

C/Q : y 2 + y = x 5 - lire 4 - 6x 3 + 9x 2 + x - 1, 

and let J/Q be its Jacobian. For a prime p, let pj = pj tP : G Qp -> GL 4 (C) 
be the Galois representation on 

iJ} t (C/Q p ,Q z )® Qi C s ffJt(J/Q p ,Qi)® Ql C = mjy^ Zl C (l^p). 
We will show that 

(a) J has bad reduction only at 13 and 2633. 

(b) J is absolutely simple. 
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(c) At p = 2633 the representation pj = pj tP is, in a suitable basis, 



pj(Frob 







v» 



r(g) 



1 







r(g) 



1 



for all g S In where r is the /-adic tame character. 



(d) At p 



Am and 



13 the representation pj = pj >p factors through 
G = Gal(Q™'(v / 13)/Q p ) * ZxC 4 . 
This group is generated by any Probenius element <£> of G 

the inertia element g that maps to i.v / 13. (We fix i to be the 
4th root of unity congruent to 5 mod 13.) In a suitable basis, 

/-2-3i 



V 




pj(g) 








(e) The root number of every quadratic twist of J/Q is —1. Assum- 
ing the Birch-Swinnerton-Dyer conjecture for abelian varieties, every 
quadratic twist of J has positive Mordell-Weil rank. 

Proof, (a) Using Magma [lj and Sage |13| . we find that the curve C has 
discriminant 13 3 • 2633 2 and reduction types Io-III-O at 13, and Ii_i_o at 2633 
in the Namikawa-Ueno classification [7]. 

(b) Stoll ([13] Lemma 3) gives an explicit criterion for J to be absolutely 
irreducible: it suffices to find a prime p of good reduction such that the local 
factor f(T) = P(pj !P ,T) is irreducible, and such that the modified resultant 
Resr(/(T), f(Tx))/(x — l) 2dim - 7 has no irreducible monic factors in Z[x] of 
constant term 1. Counting points over F3n, we find that for p = 3, 



3T 3 + 9T 4 , 



P{pj, P ,T) = 1-T + 2T 2 
which is irreducible, and 

Res T ( f(T),f(Tx)) s . 4 o 2 4 . 2 . 4 , 16 2 

i±n !±J£ 11 = 3 8 x 4 + 3 +x 2 + +1 2 x 4 + x 3 + 2 + x + 1 j 

(x — 1J 4 3 3 9 

fulfulling the criterion. 

(c) Analysis at p = 2633: Either checking by bare hands or by using the 
classification of reduction types, we see that the equation for C defines a 
regular model at p. The reduced curve is 

C : y 2 = (x - 2344) 2 (x - 645) 2 (x - 1952), 

so the special fibre is a P 1 with two self-intersections. The slopes at both 
singular points are F p -rational, so C has q + 1 — 2 points over any extension 
¥ q /¥p. The local polynomial is therefore 

P(C/Q P ,T) = (1-T) 2 . 
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In particular, the invariant subspace pj is 2-dimensional, with trivial action 
of Frobenius. The action of the inertia group on the whole space is described 
in Namikawa-Ueno [7J p. 179, and the action of Frobenius is forced by its 
action on inertia invariants and the relation FrobQ p g Frob^ = g p for g in 
the tame inertia quotient. 

(d) Analysis at p = 13. The reduced curve is 

C : y 2 = (x + 2) 3 (x 2 + 9x + 6), 
and its normalisation is an elliptic curve 
(t) E1/F13: y 2 = (x + 2)(x 2 +9x + 6). 

From the Namikawa-Ueno classification [7J p. 161, 

PJ,i3 = Pj% e W 

with 2-dimensional summands, as an /13-representation. Moreover, inertia 
acts on W as J) , that is through the cyclic tame quotient of order 4. 
Since the inertia subgroup is normal, the action of Frobenius necessarily 
preserves this decomposition. Using Magma [I], we find 

P(pJ,i3,T) = 1 + 4T + 13T 2 , 

which describes the action of Gq 13 on the inertia invariant subspace Pjf 3 : 

S-^-V-i*). 9*0 ^ gel*. 
Next, we reconstruct the Galois action on the whole space from the local 
polynomials over suitable extensions of Q13. Consider L = Qi3(v / 13) and 
V = Qistv 7 ^)- Over both fields the curve C has reduction of type L3T0-I, 
its Jacobian has good reduction, and the special fibre of C is two elliptic 
curves meeting at a point. One of these elliptic curves over L and over V is 
the same curve E\ as above. The other one is, respectively, 

E 2 : y 2 = x 3 - 5x, E' 2 : y 2 = x 3 - x. 

Their local polynomials are 

P(£i/Fi 3 , T) = 1 + 4T + 13T 2 , 
P(E 2 /¥ 13 , T) = 1 + 4T + 13T 2 , 
P(E 2 /¥ 13 ,T) = 1 - 6T + 13T 2 . 

By counting points of C,Ei,E 2 and E' 2 over Fi3n, considering the corre- 
sponding functions and computing H° and H 2 of the special fibres, we 
find 

P(p Jtl3 /L,T) = (1 + 4T + 13T 2 ) 2 , 
P(p. m /L',T) = (l + 4T + 13r 2 )(l-6T + 13T 2 ). 

Therefore the eigenvalues on W of g, Frob^ 1 (= <i> -1 ) and Frob^, 1 are, re- 
spectively, 

{i,-i}, {-2-3i,-2 + 3i}, {3 - 2i, 3 + 2i}. 
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Exactly as in the end of Example it follows that < £~ 1 must act as — 2 + 3i 
on the i-eigenspace of g on W and as —2 — 3i on the (— i)-eigenspace. This 
completes the description of pj t 13. 

(e) Let x '■ Gq — > ±1 be a character of order 1 or 2, and let J x be the 
quadratic twist of J by x- Thus J x is the Jacobian of 

3 

C d : dy 2 = x 5 - llx 4 - 6x 3 + 9x 2 + z - -, 



w v (J x 



where Q(v d) is the field cut out by x- As a G^-representation 7)J X = T} J(8>x> 
and 

for every prime p. The global root number w(J x /Q) is, by definition, the 
product of local root numbers w v {J x ) = w(J x /Q v ) over all places of Q, 

w ( J x) = Yl w v(-h)- 

V 

The local root number is the 'sign' of the local e-factor, w v (J x ) = | e"(j x ^'^) | > 
and we refer to Tate [15] for the definition and basic properties of local 
e-factors; see also [3], Appendix A. 
We claim that, independently of x, 

-1 if?; = 13, 
+1 otherwise, 

so the global root number of any quadratic twist of J is —1, as required. 

For v = 00, the local root number is defined in terms of the Hodge struc- 
ture of J x , and for an abelian variety A/Q it is simply (_i) dim ^; see e .g. 
[8] Lemma 2.1. In our case dim J x = 2 and w v (J x ) = +1. 

At all primes v 7^ 13, the abelian variety J is semistable, and the root 
number computation is standard: see e.g. [1] Prop. 3.23 with r = x an d 
X(T*) = 1 1 for v = 2263 and else; note also that w(x) 4 = 1 by 
Lemma [9] (1). 

At v = 13, the representation pj t i3 is described above in (d). Observe that 

PJ,13 — Pe, 13 © PE 1 , 13, 
where E is the curve ([[]) lifted to Q13, 

E:y 2 = (x + 2)(x 2 + 9x + 6), 
and E' is the curve in Example [5l 

E' : y 2 = x 3 - 26x. 

The first one has good reduction, and the second one has additive reduction 
of type III. In the terminology of [3], E is 'lawful good' and E' is 'lawful 
evil' (see [3] Classification 3). In other words, the local root numbers are 
w(E) = +1, w(E') = —1 and w(E/F) = w(E' / F) = 1 for every quadratic 
extension -F/Q13. Now, if x = 1, then 

wis(J ® x) = w{pj,xz) = w{pe,iz)w{pe',iz) = w{E)w(E') = -1. 
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If x has order 2 and F is the field cut out by %■> then by Lemma [9] (2), 

x x w{E/F) w{E'/F) 

w(E)x{-l) w{E')x{-l) 
This completes the proof. □ 

Lemma 9. Let K be a local field and X'-Gr— a character of order < 2. 

(1) u>(x) 2 = x( — 1) = where x{~ 1) denotes x evaluated on the image 
of — 1 under the local reciprocity map K x — > G°^_. 

(2) Suppose x 7^ 1 &e t/ie quadratic extension cut out by x- 
For a Weil representation V/K of even dimension 2g, 

w(V)w(V ®x) = w{V/F)x{-l) 9 - 

Proof. (1) By the determinant formula |15j 3.4.7, 

w(x) 2 = w{x®X) = 
(2) Write Ind for the induction of representations from Gf to Gk- By 
inductivity of root numbers in degree 0, 

w{V)w{V <g> x) = ^(Ind V/F) = w(lnd{V Q l® 29 /F))w(Ind l® 29 ) 
= 5g^^(l) 2 ^(x) 29 =^WF) X (-l) 9 . 

□ 
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